HOMOTOPY TYPES OF HOMEOMORPHISM GROUPS OF NONCOMPACT 

2-MANIFOLDS 



TATSUHIKO YAGASAKI 



Abstract. Suppose M is a noncompact connected PL 2-manifold and let H(M)o denote the identity 
component of the homeomorphism group of M with the compact-open topology. In this paper we 
classify the homotopy type of 7i(M)o by showing that Tt(M)o has the homotopy type of the circle if 
M is the plane, an open or half open annulus, or the punctured projective plane. In all other cases 
we show that TL(M)o is homotopically trivial. 



1. Introduction 

Hamstrom Q classified the homotopy types of the identity components of homeomorphism groups 
of compact 2-manifolds M. In this paper we treat the case where M is noncompact. Suppose M 
is a PL 2-manifold and X is a compact subpolyhedron of M. We denote by Tix(M) the group of 
homeomorphisms h of M onto itself with h\x = id, equipped with the compact-open topology, and 
by H(M)o the identity component of TL{M). Let M? denote the plane, S 1 the unit circle and P 2 the 
projective plane. The following is the main result of this paper. 

Theorem 1.1. Suppose M is a noncompact connected (separable) PL 2-manifold and X is a compact 
subpolyhedron of M . Then 

(i) Hx(M)q~S x if{M,X) ^(M 2 ,0), {M 2 ,lpt), (S 1 xR 1 ,!), (S 1 x [0,1), 0) or (P 2 \ lpt, 0), 

(ii) Tlx(M)o ~ * in all other cases. 



Corollary 1.1. If M is a connected (separable) 2-manifold and X is a compact subpolyhedron of M 
with respect to some triangulation of M , then TCx(M)q is an li-manifold. 



In [14] we obtained a natural principal bundle connecting the homeomorphism group and the 
embeddding space (cf. Section 2). In this paper we will seek a condition under which the fiber 
of this bundle is connected (Section 3). The contractibility and the ANR property of Wjf(M)o 
in the compact case will then imply the similar properties of embedding spaces and in turn the 
corresponding properties of Wj(M)o in the noncompact case. Corollary 1.1 follows immediately 
from the characterization of ^-manifolds and this enables us to determine the topological type itself 
of Hx(M)o by the homotopy invariance of infinite-dimensional manifolds. 

In a succeeding paper we will investigate the subgroups of TCx(M)q consisting of PL and Lipschitz 
homeomorphisms from the viewpoints of infinite-dimensional topological manifolds. 
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2. Preliminaries 



Throughout the paper we follow the following conventions: Spaces are assumed to be separable and 
metrizable, and maps are always continuous. When A is a subset of a space X, the notations FrxA, 
clxA and Intx^- denote the frontier, closure and interior of A relative to X (i.e., IntxA = {x £ A \ A 
contains a neighborhood of x in X} and FrxA = clxA \ IntxA). On the other hand, when M is a 
manifold, the notations dM and Int M denote the boundary and interior of M as a manifold. When 
N is a 2-submanifold of a 2-manifold M, we always assume that N is a closed subset of M and 
FriV = FtmN is a 1-manifold transversal to dM. Therefore we have IntiV = Int^/iV D IntM and 
FtmN C <9iV. A metrizable space X is called an ANR (absolute neighborhood retract) if any map 
/ : B — > X from a closed subset of a metrizable space Y~ has an extension to a neighborhood U 
of If we can always take U = Y, then X is called an AR (absolute retract). ANRs are locally 
contractible and ARs are exactly contractible ANRs (cf. |7]]). Finally £2 denotes the separable Hilbert 
space {(x n ) £ M°° : Yl n x n < °°}- 

In |14j we investigated some extension property of embeddings of a compact 2-polyhedron into a 2- 
manifold, based upon the conformal mapping theorem. The result is summarized as follows: Suppose 
M is a PL 2-manifold and K C X are compact subpolyhedra of M. Let £k{X, M) denote the space of 
embeddings / : X M with f\x = id, equipped with the compact-open topology. We consider the 
subspace of proper embeddings £ K (X, M)* = {/ G £ K (X, M) : f(X n dM) C dM, f(X n Int M) C 
Int M}. Let £k(X, M)q denote the connected component of the inclusion ix ■ X C M in £k(X, M)* . 

Theorem 2.1. For every f E £k(X, M)* and every neighborhood U of f(X) in M, there exists a 
neighborhood U of f in £k{X, M)* and a map (p : U — > T~Lk\j(M\U){M)o such that <p{g)f = g for each 
g ElA and <p(f) = idM- 

Corollary 2.1. For any open neighborhood U of X in M , the restriction map tt : Hku(m\U)(M)o — > 
£k{X,U)q, 7r(/) = f\x, is a principal bundle with fiber Q = 1~Ck\j(m\u)(M)o H Hx(M), where the 
group Q acts on / Hkvj(m\u)(^)o by right composition. 

Proposition 2.1. £ K {X,M) and £ K (X,M)* are ANRs. 

Next we recall some fundamental facts on homeomorphism groups of compact 2-manifolds. 

Fact 2.1. If N is a compact PL 2-manifold and Y is a compact subpolyhedron of N, then Hy(N) 
is an ANR. (g, @|, cf. @, Lemma 3.2]) 

Lemma 2.1. ([01], §3]) Suppose N is a compact connected PL 2-manifold and Y is a compact 
subpolyhedron of N . 

(i) If(N,Y) ? (D 2 ,0), (D 2 ,0) ; (S 1 x [0,1], 0), (M,0), (S 2 ,0), (S 2 ,l^) ; (S 2 ,2pts), (T 2 ,0) ; (K 2 ,0), 
(P 2 ,0), (F 2 ,lpt), then H Y (N)o ^ *. 

(ii) If A is a nonempty compact subset of d N , then T~Iyua(X)o ~ *. 
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(iii) If(N,Y) (P 2 ,0), (D 2 ,0) ; (S 1 x [0,1], 0), (M,0), (S 2 ,lpt), (S 2 ,2pts), {¥ 2 ,lpt), (K 2 ,0), ffcen 
Wy(iV) ~ S 1 . 



Proof. In [12 1 the PL-homeomorphism groups of compact 2-manifolds was studied in the context 



of semisimplicial complex. However, using Corollary 2.1 and the results in 0], we can apply the 
arguments and results in p2l §3] to our setting. 

(i) Let L be a small regular neighborhood of the union Y\ of the nondegenerate components of Y 
and let Yq = Y \ Y\. Since TLy{N)q deforms into Hl\jy (N)o = Ti^r LuY Q {d (N \L))q, we may assume 
that Yi C dN. This case follows from f§ and [0, §3]. 

(ii) Let d+N denote the union of the components of d N which meet A. Then 7~Cyua(N)o strongly 
deformation retracts onto 7i-Yud + N(N)o, and the latter is contractible by the case (i). □ 

3. Relative isotopies on 2-manifolds 

In Corollary 2.1 we have a principal bundle with a fiber Q = Hx{M)^TLk{M)q. In this section we 
will seek a sufficient condition which implies Q = Tlx(M)o- Suppose M is a 2-manifold and N is a 
2-submanifold of M. In 0] it is shown that (i) two homotopic essential simple closed curves in IntM 
and two proper arcs homotopic rel ends in M are ambient isotopic rel dM, (ii) every homeomorphism 
h : M — > M homotopic to idu is ambient isotopic to idu- Using these results or arguments we will 
show that if, in addition, h\tf = idj\r then h is isotopic to id>M rel N under some restrictions on disks, 
annuli and Mobius bands components (i.e. the pieces which admit global rotations). We denote the 
Mobius band, the torus and the Klein bottle by M, T 2 and K? respectively. The symbol #X denotes 
the number of elements (or cardinal) of a set X. 

Theorem 3.1. Suppose M is a connected 2-manifold, N is a compact 2-submanifold of M and X is 
a subset of N such that 

(i) M ^ T 2 , P 2 ; K 2 or X / 0. 

(ii) (a) if H is a disk component of N , then #(H n X) > 2, 

(b) if H is an annulus or Mobius band component of N , then H n X ^ 0, 

(iii) (a) if L is a disk component of cl(M \ N), thenYiL is a disjoint union of arcs or #(in J) > 2, 
(b) if L is a Mobius band component of cl{M\N), then FrL is a disjoint union of arcs or L(~)X ^ 0. 
If ht ■ M — > M is an isotopy rel X such that ho\N = ^-i|tV; then there exists an isotopy h' t : M — > M 
rel N such that h' Q = ho, h[ = hi and h' t = h t (0 < t < 1) on M \ K for some compact subset K of 
M. 



Corollary 3.1. Under the same condition as in Theorem 3.1, we have7iN(M)fXHx(M)o = Hn(M)q. 

First we explain the meaning of the conditions (ii) and (iii) in Theorem 3.1. Suppose h € 7Yat(M) 
and h is isotopic to idu rel X. In order that h is isotopic to idu rel N, it is necessary that h does 
not Dehn twist along the boundary circle of any disk, Mobius band and annulus component of N. 
This is ensured by the condition (ii) in Theorem 3.1 (Figure l.o: N = Ni U cl(M \ N) = L and 
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X = {a, b}). However, this is not sufficient because a union of some components of N and cl{M \ N) 
may form a disk, a Mdbius band or an annulus. The condition (hi) in Theorem 3.1 is imposed to 
prevent Dehn twists around these pieces (Figure 1.6: N = N\ U N2, cl{M \ N) = L U L\ U L2 and 
X = {oi, 02, 61, 62})- This condition is too strong (we can replace X by Y = {a\, b±}), but it is simple 
and sufficient for our purpose. 



Figure 1. h can not Dehn twist L. 



Figure l.a 



Figure l.b 



We proceed to the verification of Theorem 3.1. We need some preliminary lemmas. Throughout 
this section we assume that M is a connected 2-manifold and N is a 2-submanifold of M. When G 
is a group and S C G, (S) denotes the subgroup of G generated by S. 

We will use the fallowing facts from 

Fact 3.1. (0) ([Q, Theorem 1.7]) If a simple closed curve C in M is null-homotopic, then it bounds 
a disk. 

(1) (0, Theorem 3.1]) Suppose a and f3 are proper arcs in M. If they are homotopic relative to end 
points, then they are ambient isotopic relative to dM. 

(2) (|2|, Theorem 4.2]) Let C be a simple closed curve in M, which does not bound a disk or a Mdbius 
band. Let a G ir\{M, *) be represented by a single circuit of C and let a = f3 k , k > 0. Then a = j3. 

(3) (|B, Lemma 4.3]) (i) If M 7^ P, then ir\{M) has no torsion elements. 

(ii) Suppose M / T 2 , K 2 . If a, ft G 7q(M) and a/3 = Pa, then a,/3 G (7} for some 7 G 7Ti(M). 

(4) (0, plOl, lines 5 -10]) If M 7^ P 2 and every circle component of FriV is essential in M, then the 
inclusion induces a monomorphism tti(N,x) — > ni(M,x) for every x G N. 

(5) Suppose M is compact, X is a closed subset of dM, and h : M — > M is a homeomorphism 
with = ic?x- 

(i) (0, Theorem 3.4]) If M = D 2 or M and ^i|aM : dM — > dM is orientation preserving, then h is 
isotopic to id,M rel X. 

(ii) ([0, Proof of Theorem 6.3]) If M 7^ B 2 and /i satisfies the following condition (*), then h is isotopic 
to idM rel X: 

(*) hi ~ I rel end points for every proper arc I : [0, 1] — ► M with ^(0), ^(1) G X (we allow that 
^(0) = £(1) when X is a single point). 

Comments. (4) Consider the universal covering it : M — > M. By Fact 3.1.(3-i) 7r _1 (Frjvf-^) is a union 
of real lines, half rays and proper arcs. If M = P 2 , then N = P 2 . 

(5-ii) M is a disk with A; holes, I handles (a handle = a torus with a hole) and m Mdbius bands. The 
assertion is easily verified by the induction on n = k + £ + m, using Fact 3.1.(1) and (5-i), together 
with the following remarks: 
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(a) When j^X > 2, we have hi ~ I rel. end points even if £(0) = £(!)■ 

(b) If h is (ambient) isotopic to h\ rel. X, then hi also satisfies the condition (*). 

(c) Since M 7^ B 2 , from the condition (*) it follows that for every component C of <9M, we have 
h(C) = C and h preserves the orientation of C. 

(d) Let Ci, • • • , C p be the components of dM which meet X. Then h is isotopic rel. X to h\ such 
that /ii = id on each Cj. Furthermore, hi satisfies (*) for UjCj. 

We also need the following remarks. 

Fact 3.2. Suppose M is a connected 2-manifold and C is a circle component of dM. If either (i) 
C 7^ <9M or (ii) M is noncompact, then C is a retract of M. 

Comments, (ii) Take a half lay i connecting C and oo, and consider the regular neighborhood N of 
C L) I. Since ON is a real line we can retract M onto N and then onto C . 



Fact 3.3. Suppose M is a compact 2-manifold, {Mj} is a finite collection of compact connected 2- 
manifolds such that M = UjMj and IntMj n IntMf = (i^j). 

(i) If M is a disk, then some Mj is a disk. 

(ii) If M is a Mdbius band, then some Mj is a disk or a Mobius band. 

(iii) If M is an annulus, then some Mj is a disk or an essential annulus in M. (If iV is a disk with r 
holes in M (r > 2), then there exists a disk D C IntM such that D n N = dD C ON.) 

Lemma 3.1. Suppose M ^ K 2 , C is a simple closed curve in M which does not bound a disk or a 
Mobius band in M, x € C and a € 7Tx(M, x) is represented by C . If (3 € tti(M,x) and f3 k = a for 
some k, £ € Z \ {0}, then (3 G (a). 

Proof. Attaching dM x [0, 1) to dM C M, we may assume that dM = 0. Take a covering p : (M, x) — > 
(M,x) such that p*7ri(M,x) = (a,/3) C7Ti(M, x). 

If M is noncompact, then by Lemma 2.2] there exists a compact connected 2-submanifold N of 
M such that i£JV and the inclusion induces an isomorphism tti(N,x) — ► 7Ti(M,x). Since cW 7^ 0, 
it follows that iti(N, x) = {a, (3) is a free group, so it is an infinite cyclic group (7). By Fact.3.1.(2) 
7 = a , so (3 G (a). 

Suppose M is compact. Since ranki^i(M) = or 1 and 7Tx(M) 7^ 1, it follows that M = P 2 or 
K 2 and M is closed and nonorientable. If M = IfC 2 so x(M) = 0, then x(M) = and M = K 2 , a 
contradiction. Therefore, M = P 2 and x(M) = 1, so x(M) = 1 and M = P 2 . We have vri(M) = 
(a). □ 

Note that if M = K. 2 and a, (3 are represented by the center circles of two Mobius bands, then 
a 2 = f3 2 , but (3 (a). 
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Lemma 3.2. Suppose C is a circle component ofdM, x G C and a G iri(M,x) is represented by C. 
If M ^ B 2 , M or S 1 x [0, 1] \ A (A is a compact subset ofS 1 x {1}) ; then there exists a 7 G iri(M,x) 
such that 7a™ 7^ a™7 for any n£Z \ {0}. 

Proof. By the claim below we have a 7 € tt\(M, x) \ (a). If ja n = a™7 for some n / 0, then by 
Fact.3.1.(3-ii) a™, 7 G for some /3 G 7Ti(M, x) and a n = f3 k for some G Z. Since a / 1 and 
M 7^ IP 2 , by Fact.3.1.(3-i) k 7^ 0. Hence by Lemma 3.1 /3 G (a) so 7 G (a), a contradiction. □ 

Claim. Suppose M is a connected 1-manifold, C is a circle component of dM , x G C and a G 
tt\(M, x) is represented by C. If tt\{M, x) = (a), then M = B 2 or S 1 x [0, 1] \ A for some compact 
subset A 0/S 1 x {1}. 

Proof. First we note that M does not contain any handles or Mobius bands. In fact if H is a handle 
or a Mobius band in M, then we can easily construct a retraction r : M — > H which maps C 
homeomorphically onto dH (Fact 3.2), and we have the contradiction tt\{H) = {r*a). In particular, 
if M is compact then M is a disk or an annulus. 

Suppose M is noncompact. It follows that dM contains no circle components other than C. In 
fact if C is a circle in dM \ C, then we can join C and C by a proper arc A in M and by Fact 
3.2 we have a retraction M — > C U A U C", a contradiction. We can write M = U^ 1 A r j, where iVj 
is a compact connected 2-submanifold of M, C C IntA/-/Vi, iVj C IntA/A'j+i and each component of 
cl(M \ Ni) is noncompact. We will show that each N = Ni is an annulus. This easily implies the 
conclusion. 

Let Ci, • • • , C m be the components of dN \ C. By the above remark Cj dM, so Cj meets a 
component of cl(M \ N). Let N' be a submanifold of iV obtained by removing an open color of each 
Cj from N. It follows that N' = N, FrN' is the union of circles associated with C^'s, each 
is contained in some component Lj of cl{M \ N'), cl{M \ N') = UjLj, and each Lj is noncompact. 
Since M contains no handles or Mobius bands (so no one point union of two circles) , it follows that 
Lj n L'j = (j / /) and Lj RJV' = Cj. By Fact 3.2 N' is a retract of M, so tvi(N', x) = (a). This 
implies that N = iV' is an annulus. □ 

The next lemma is a key point in the proof of Theorem 3.1. In (2), Lemma 6.1] the condition "the 
loop ht(x) is null-homotopic in M" is achieved by rotating x along C. However, this process does not 
keep the condition "isotopic rel N" . 

Lemma 3.3. Suppose C is a circle component of FiN which does not bound a disk or a Mobius 
band in M, h : M — > M is a homeomorphism with h\^ = idjsj and h t : M — > M (0 < t < 1) is a 
homotopy with ho = h, h% = idu- If the following conditions are satisfied, then for any x G C the 
loop m = {ht{x) : < t < 1} is null-homotopic in M : 

(i) M ^ T 2 , F 2 , IK 2 , 

(ii) each circle component of FrN is essential in M , 

(hi) each component of N ^ D 2 , M, S 1 x [0, 1] \ A (A C S 1 x {1}, compact). 
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Proof. Let a = {£} G tti(M,x) be represented by C and let (3 = {to} G tti(M,x). The homotopy 
h t £ implies that a/3 = (3a. Since M £ T 2 ,K 2 , by Fact. 3.1. (3-ii) (a, (3) C (5) for some 5 G vri(M,x). 
Since C does not bound a disk or a Mobius band, by Fact 3.1.(2) 5 = a^ 1 so (3 = a k for some 
k G Z. Let cci = {^} G tti(N,x). By Lemma 3.2 there exists a 7 = {n} G tt\(N,x) such that 
70^ 7^ 0^7 for any i G Z \ {0} (Figure 2). The homotopy /i^n implies that "y(3 = (3^ in it\(M,x). 
Since tti(N, x) — > 7Ti(M, x) is monomorphic by Fact. 3. 1.(4), 70^ = 0^7 in tti(N, x) so that A; = and 
/3 = 1 in vri(M,x). □ 



Figure 2. The loops m and n in Lemma 3.3. 



Figure 2 



Lemma 3.4. Suppose iV / 0, cl(M\N) is compact, each component ofFrN is a circle, h : M — > M 
is a homeomorphism such that h\jy = id>N and h is homotopic to idu- If the following conditions are 
satisfied, then h is isotopic to idu rel N : 

(i) M + T 2 , P 2 , K 2 , 

(ii) each component C of FtN does not bound a disk or a Mobius band, 
(hi) each component of N ^ S 1 x [0, 1] \ A (A C S 1 x {1}, compact). 

If we assume that h is isotopic to idu-, then the condition (hi) is weakened to the condition: 
(hi)' each component of TV p S 1 x [0, 1], S 1 x [0, 1). 

Proof. Let h t : h ~ idu be any homotopy and let L\, ■ ■ ■ ,L m be the components of cl(M \ N). By 
Lemma 3.3 the loop ht(x) ~ * in M for any x G FriV = UjFvLj. We must find an isotopy /i|x,. ~ %di Ji 
rel FrLj. 

Let / : [0, 1] — > Lj be any path with /(0), /(l) G FrL^. The homotopy ^/ yields a contraction of 
the loop /i/-/i t (/(l))-/" 1 -(^(/(0)))- 1 m M. Since ^ t (/(0)), /»t(/(l)) ~ *, it follows that /i/-/- 1 ~ * 
in M. Since ir\{Lj) — > 7Ti(M) is monomorphic by Fact. 3. 1.(4), the loop /i/ • ~ * in Lj, and the 
desired isotopy is obtained by Fact.3.1.(5-ii). □ 

Figure 3 illustrates an original idea to prove Lemma 3.4 and Theorem 3.1: Consider the loop 
to = n\fu2f~ l (f^ 1 is the inverse path of /). Any isotopy h t : idu — h rel {a, b} induces a 
homotopy htm : to ~ n\{hf)n2{hf)~ l in M \ {a, b}. Modify the homotopy htm to simplify the 
intersection of the image of htm and Fr/V, and obtain a homotopy F : S 1 x [0, 1] — ► M \ {a, b} shown 
in Figure 3. The homotopies F| J 4 1 in N\ and F\a 2 in N2 \ {a, b} imply that ki = (i = 1, 2), and the 
homotopy F\b 1 in L implies that f ~ hf rel end points in L as required. 

Proof of Theorem 3.1. We can assume that X is a finite set, since there exists a finite subset Y 
of X such that (M,N,Y) satisfies the conditions (i) - (hi) in Theorem 3.1. Replacing h t by h^h t , 
we may assume that h\ = idu- 
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Figure 3. 



Figure 3 



(I) The case where M is compact : Let N±, ■ ■ ■ ,N n be the components of N and L = cl(M \ N). 
Let Ki, ■ ■ ■ , K p be the components of L which are disks or Mobius bands and let Li, ■ ■ ■ , L q be the 
remaining components. For each j we can write 



dLj = (u£?^) u (u£)b?) u (u™?>qf) , 



where A|'s are the circle components of FrLj, -B/'s are the components of dLj which contain some 
arc components of FrLj and C|'s are the remaining components of dLj. We choose disjoint collars 
E j - of M and F j of in L,- and set M = 8E J - \ M, M = dF j \ B\ and 

b b % b J % Z > % % 



l;. = cl( Lj \ (ug^) u (ugi?)), N' = Nl> (yf k=1 K k ) u (u? =1 (u^)u(u^ 



etA , , (i m 



Note that FriV' = U q j=1 



ujfjijj U (u£J^J C IntM. Since W a (B) ~ H d (M) ~ * by Fact 
3.1.(5-i), we can isotope /io rel A?" to an /i' € TCn'(M). 

By the construction (M, N' , X, h') satisfies the following conditions: 

(1) N' is a 2-submanifold of M, every component of FriV' is a circle and X C IntM A 7 . 

(2) h'\N> = id,N' and h' is isotopic to idu rel X. 

(3) Suppose C is a component of FriV'. If C bounds a disk D then #(D fll) >2, and if C bounds 
a Mobius band E then Enl/|. 

(4) If i7 is an annulus component of N' then H C\ X ^ %. 

To see (3) first note that M is the union of compact 2-manifolds iVj's, Ej's, F-'s, K^s and L^-'s, 
which have disjoint interiors. Suppose G is a compact connected 2-manifold in M with dG C FriV'. 
Since G C IntM and each F- meets dM, it follows that G is the union of iVj's, Ej's, L'^s and K^s 
contained in G. Since Ej is an annulus and L 1 - = Lj is not a disk or a Mobius band, from Fact 3.3 it 
follows that (i) if G is a disk, then G contains a disk which is some iVj or Kk with Kk C G C Int M, 
so #(G fll) > 2, (ii) if G is a Mobius band, then G contains a disk or a Mobius band which is some 
Ni or K k with ^cGcIntM, soGnI/0. 

As for (4), H is the union of iVj's -E^'s, F?'s and K^s contained in H, and H contains at least one 
Ni, which is a disk with r holes. If r < 1 then by the assumption Ni n X ^ 0. If r > 2 then we can 
find a disk D in Int# such that D f) N = 3D C <9A^ (Fact 3.3. (iii)). Since Z> C IntiV' C IntM, D is 
a union of Afj's and K^s and we can conclude that it coincides with some Kk{c IntM), which meets 
X. These imply (4). 

It remains to show that h! is isotopic to idu rel N' under the conditions (1) - (4). (i) When 
X C IntAT', we can apply Lemma 3.4 to the triple (M\X, N'\X, h'\ M \ x )- To verify the condition (iii) 
in Lemma 3.4, note that (a) each component of N' \ X takes of the form H \ X for some component 
of H of N', and, in particular, (b) if H \ X S 1 x [0, 1), then H is a disk and #H n X > 2, a 



contradiction. Therefore /j'|m\x 1S isotopic to id M \ x rel N'\X. Extending this isotopy over M by 
id x we have the required isotopy h' ~ id,M rel N'. (ii) In the case where X <f_ IntiV', let C = dN'ddM 
and consider (M = M U c C x [0, 1],N = N' U c C x [0, 1], X, h), where is the extension of h' by 
^Cxfo.ll- Then (a) X C IntiV and (M,N,X,h) satisfies (1) - (4), and (b) an isotopy of h to id^ rel 
N restricts to an isotopy of h! to idu rel N'. (Alternatively, we can modify the isotopy of h! to id,M 
rel X to an isotopy rel X UV, where V is a neighborhood of X n <9M in M. We can replace X so 
that X C IntiV'.) This completes the proof of the case (I). 

(II) The case where M is noncompact: Choose a compact connected 2-submanifolds Lq and L of 
M such that h t (N) C Int^/L (0 < t < 1) and L C Int M L. Let iV x = iV U d(L \ L ). Since iV x is 
a subpolyhedron of L with respect to some triangulation of L (cf. 0), by Corollary 2.1 we have the 
principal bundle : H(L)o — ► £{N\,L)q. Let /t G H(L)o, fi = idi, be any lift (= extension) of the 
path et S £{N%, L)q defined by et|jv = ^t|jv an d ej = id on c/(L \ Lq). 

We can apply the case (I) to (L, N\,Xx, ft), X\ = XL)cI(L\Lq). For the condition (iii) in Theorem 
3.1, when E is a component of cl{L \ N\) = cI(Lq \ N), (a) if E n FrLo = 0, then E is a component of 
cl(M\N) and (b) if ECiFiLq ^ 0, then E contains a component of FrLo an d FrLo C cI{L\Lq) C iVi 
(it also follows that Fr^E is not connected since L n FriV ^ 0, so if L is a disk or a Mdbius band, 
then Fr lE is a disjoint union of arcs). 

Therefore we have an isotopy kt : L — ► L rel iVi such that ko = /o, k\ = idi- We can extend ft 
and fet to M by id. The required isotopy h' t is defined by h' t = k t ft l h t . □ 

Proof of Corollary 3.1. Let Gi denote the unit path-component of a topological group Q. Theorem 
3.1 implies H N (M) n H x {M)i = H N (M) 1 . When M is compact, from Fact 2.1 it follows that 
Hk(M)o = Hk(M)i for any compact subpolyhedron K of M. Since X can be replaced by a finite 
subset Y of X as in the above proof, we have H N {M) n H X (M) C H N {M) n Hy(M) = Wat(M) . 
The noncompact case follows from the same argument when we will show that Hk(M)o is an ANR 
(Propositions 4.1,4.2) in the next section. 

4. The homotopy types of the identity components of homeomorphism groups of 

noncompact 2-manifolds 

In this final section we will prove Theorem 1.1 and Corollary 1.1. Below we assume that M is a 
noncompact connected PL 2-manifold and X is a compact subpolyhedron of M. We set Mq = X 
and write as M = U^ Mj , where for each i > 1 (a) Mi is a nonempty compact connected PL 2- 
submanifold of M and Mj_i C Int^/ALi (b) for each component L of cZ (M \ Mj), L is noncompact 
and L n Mj+i is connected and (c) M\ n 7^ if 7^ 0. Taking a subsequence, we have the 
following cases : 

(i) each Mj is a disk, (ii) each Mj is an annulus, (iii) each Mj is a Mdbius band, and 

(iv) each Mj is not a disk, an annulus or a Mdbius band. 
In (ii) the inclusion Mj C Mj + i is essential, otherwise a boundary circle of Mj bounds a disk compo- 
nent in cl (M \ Mj), and it contradicts the condition (b). 
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Lemma 4.1. In the cases (i) — (Hi) it follows that 

(1) (a) dM = ^ M ^ R 2 , 

(b) ^ M = ID \ A, where A is a nonempty 0- dimensional compact subset of dB>, 
(ii) (a) dM = ==>- M = S 1 x M 1 , 
(6) dM ^ => 
(6)! M = S 1 x [0, 1) 

(0)2 M = S 1 x [0, 1) \ A, where A is a nonempty 0- dimensional compact subset o/S 1 x {0}, 
(6)3 M = S 1 x [0, 1] \ A, where A is a nonempty 0-dimensional compact subset o/S 1 x {0, 1} ; 
(Hi) (a) dM = M = P 2 \ lpt, 

(b) dM j^z M = M \ A, where A is a nonempty 0-dimensional compact subset of dM. 

In the case (ii) (b)3 we may further assume that M\ meets both S 1 x {0} and S 1 x {1}. 
We choose a metric d on M with d < 1 and metrize Hx(M) by the metric p defined by 

x 1 

p(f,g) = J2 TTi SU P d (f(x),g(x)). 
We separate the following two cases: 

(I) (M, X) (M 2 , 0), (R 2 , lpt), (S 1 x E 1 , 0), (S 1 x [0, 1), 0), (P 2 \ lpt, 0). 
(II) (M,X) is not Case (I). 

Case (II): First we treat Case (II) and prove the following statements: 

Proposition 4.1. In Case (II), we have (1) H X (M) ~ * and (2) H X (M) is an ANR. 

We use the following notation: For each j > 1 let C/j = Int^Af? and Lj = Fr/y^Mj, and for each 
j > i > k > let n kd = n Mk vj(M\u 3 )(M\, U\. j = £ Mk (Mi, Uj)* and let ir\j : W fcJ -» Z^- denote the 
restriction map, 7rjj. -(/i) = /i|mj- 

Lemma 4.2. (1) W fcJ Hm^l^M^q is an AR . 

(2) T/ie mop 7r^ : Tijtj — > is a principal bundle with the structure group Ti-kj nHjifj^) — £7jt j = 
T~tM k uLj(Mj)o mi.MiULj(Mj) (under the restriction map). 

(3) Z4 ;j is an open subset of £ Mk (Mi, M)*, clU l kj C and £ Mk (Mi,M)* = Uj^U^j. 

Proof. The statement (1) follows from Fact 2.1 and Lemma 2.1. (ii) , and (2) follows from Corollary 
2.1. For (3), note that £ Mk (Mi,M)* Q is path connected (Proposition 2.1) and each / G £M k (Mi,M)* Q 
is isotopic to the inclusion Mj C M in a compact subset of M. □ 

Lemma 4.3. In Case (II), /or eac/i j > i > k > 0, (a) ^ is an A-R, (b) i/ie restriction map 
Tr l k ■ : Hk,j — ► W£ j is a trivial bundle and (c) ^ is a/so an Ai?. 

Proof. Once we show that (*) ^ ^ = HuiULjiM^Q, then (a) the fiber ^ is an AR by Fact 2.1 and 
Lemma 2.1. (ii), so (b) the principal bundle has a global section and it is trivial and (c) follows from 
Lemma 4.2.(1). It remains to prove (*). 
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(1) The cases (i)(a), (ii)(a), (iii)(a), (ii)(b)i and (iv) (under the condition (II)): We can apply Theorem 
3.1 to (Mj = Mj U Lj Lj x [0, 1], Mi = Mi \J Lj Lj x [0, l],M k = M k U Lj Lj x [0, 1]). We can verify the 
conditions (ii) and (hi) in Theorem 3.1 as follows: (ii) By the assumption (Mj, A) ^ (15,0), (D,lpt), 
(S 1 x [0, 1],0), (M, 0) for each i > 1. (hi) If H is a component of d^(M j \M i ) = cl M (Mj \Mj), then 
H contains a component of Lj. (Also, H meets both Mj and Lj (if H DLj = then H is a compact 
component of cl(M \ Mi), a contradiction.), so Fr^ H is not connected. Hence if H is a disk or a 
Mobius band, then Fr^ H is a disjoint union of arcs.) By Corollary 3.1 (Compact case) it follows 
that Hm {Mj) n H^.(Mj) = H^.{Mj) and this implies (*). 

(2) The cases (i)(b), (h)(b) 3 and (iii)(b): Since M x n dM ^ and M x meets both S 1 x {0} and 
S 1 x {1} in the case (ii)(b)3, it follows that d{Mj\Mj) is a disjoint union of disks, thus W-MiULj (Mj) = 
U Ml \jL 3 (Mj)z by Fact 3.1. (5-i). This implies (*). 

(3) The remaining case (ii)(b)2: It follows that (a) d(Mj \ Mi) is a disjoint union of disks D k and 
an annulus H and (b) D k n Mj is an arc, D k fl Lj is a disjoint union of arcs 0) and HdMi, H DLj 
are the boundary circles of H. Since N = Mj U (U^Dfe) is an annulus and N HLj / 0, from Theorem 
3.1 it follows that n Mk uL,(Mj) n H NuLj (Mj) = H NuL] (Mj) . Each / G is isotopic rel Mj U Lj 
to /' G HNuLj(Mj). Since /' is isotopic to id rel M k U Lj, it follows that /' G 'HN\jL j {Mj)Q and so 
/ G 7i.M i uL j (Mj)o. This completes the proof. □ 



Lemma 4.4. in Case (II), for each i > k > 0, 

(a) £ Mk {Mi,M)l is an AR, 

(b) f/ie restriction map tt : % t (M)o — ► £M k (Mi, M)q is a trivial principal bundle with fiber 

n Ml ( M )o, 

(c) H.M k (M)o strongly deformation retracts onto Wm ; (M)o. 

Proof. By Lemma 4.3. (c) each (j > i) is an AR. Thus by Fact 4.2.(3) £ Mk {Mi,M)l is also an 
AR and it strongly deformation retracts onto the single point set {Mj C M}. Hence the principal 
bundle 

Gl = n Mk (M)onn Ml (M) c n Mk (M) — £ Mk (M l ,M)* 

is trivial and TtM k (M)o strongly deformation retracts onto the hber In particular, Q\ is connected 
and0j = W Mi (M) o . □ 

Proof of Proposition 4.1.(1). By Lemma 4.4. (c), for each i > there exists a strong deformation 
retraction h\ (0 < t < 1) of Ti.M t (M)o onto % i+1 (M)o. A strong deformation retraction ht (0 < t < 
oo) of Hx(M)q onto {idAf} is dehned as follows: 

M/) = fcj-ifci" 1 • • • h °i(f) (/ e Wx(M) 0) i > 0, i < t < i + l) 
^oo(/) = id M - 

Since diamft Ml (M) < 1/2* -> 0, the map /i : H X (M) x [0,oo] -> Wy(M) is continuous. 
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(In the cases (i), (ii) and (iii), the same conclusion follows from Lemma 2.1.(i)(h) by taking the 
end compactification of M.) □ 

For the proof of Proposition 4.1.(2), we will apply Hanner's criterion of ANRs: 

Fact 4.1. (H) A metric space X is an ANR iff for any e > there is an ANR Y and maps / : X —*Y 
and g : Y — > X such that gf is e-homotopic to idx- 

Proof of Proposition 4.1.(2). By Lemma 4.4. (b) and Proposition 4.1.(1) for each i > 1 we have 
the trivial principal bundle 

H Ml (M)o cHx(M) ^ SxiM^MYv with H Mi (M) ~ *. 

It follows that 7r admits a section s, and the map sir is fiber preserving homotopic to id^ x rj^\ 
over £x(Mi, M)q. Since each fiber of tt has diam < 1/2*, this homotopy is a l/2 i -homotopy. Since 
£x(Mi, M)q is an ANR (Proposition 2.1), by Fact 4.1 H X (M) is also an ANR. □ 

Case (I): The next statements follow from Lemma 2.1. (iii) and Fact 2.1 by taking the end compact- 
iflcation of M. 

Proposition 4.2. In Case (I), we have (1) H X (M) ~ S 1 and (2) Hx(M) is an ANR. 

Theorem 1.1 follows from Propositions 4.1, 4.2, and Corollary 1.1 now follows from the following 
characterization of ^-manifold topological groups. 

Fact 4.2. (|Q]) A topological group is an ^-manifold iff it is a separable, non locally compact, 
completely metrizable ANR. 

Proof of Corollary 1.1. Since M is locally compact and locally connected, TL{M) is a topological 
group and Hx(M) is a closed subgroup of H(M). Since M is locally compact and second countable, 
H(M) is also second countable. A complete metric p on H(M) is defined by 

CO j 

P{f,g) = doo(f,g) +d 00 {f~ 1 ,g~ 1 ), d 00 (f,g) = y2— sup d(f(x),g(x)) 

n=l 

for f,ge H(M), where d is a complete metric on M with d < 1. Since H X (M) = 7i x (M) x s [g], 
Hx(M)q is not locally compact. Finally, by Propositions 4.1, 4.2 TCx(M)q is an ANR. This completes 
the proof. □ 
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